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The cross-sections of etTe™ — hemtm™ and xcow were measured by the BESIII experi-
ment. In both cross-section distributions, there are structures at a mass of about
4220 MeV/c?. A combined fit is performed to the two cross-section distributions,
assuming the structures are due to the same vector resonant state, the Y (4220).
The parameters of the Y (4220) are determined using two fit methods. The ratios
(Y (4220) — xcow)/T(Y (4220) — hemt ™) are obtained, which may help in the under-
standing of the nature of this structure. Although a similar work was done previously,
all the multiple solutions in our fits are taken into account and our conclusions are more
precise and complete.
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1. Introduction

During the last decade, many new charmonium-like states were discovered, such
as the X (3872),! the Y (4260)%2 and the Z.(3900).>* They cannot be identified as
conventional c¢ states (for a review see for example, Refs. 5 and 6). Among these
new charmonium-like states, there are many vector states (J©¢ = 177) above DD
threshold that are usually called Y-states, like the Y(4260),%3 the Y (4360),” ® and
the Y (4660).810 According to the potential models, there should be only five vec-
tor states above the well-known 1D state ¢)(3770) and below about 4.7 GeV/c?.
They are 3S, 2D, 45, 3D and 5S states.!! However, experimentally more Y-states

fCorresponding author.
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besides the well-established 1/(4040), 1(4160) and v)(4415)'2 have been found. These
states provide strong evidence for the existence of exotic QCD states and stimu-
late many theoretical explanations such as tetraquarks, molecules, hybrids, hadro-
charmonia.> %

In recent years, BESIII, running above open charm threshold, has obtained
many results that may help in the understanding of the nature of these
charmonium-like states. The most prominent ones are the observations of the
charged charmonium-like states, the Z.(3900) and Z.(4020), observed in ete™ —
J/pnta=4 and hert 7,13 respectively. In ete™ — h.ntm~, besides the obser-
vation of the Z.(4020), BESIII also reported cross-section measurements at 13
center-of-mass (CM) energy points from 3.900 GeV to 4.420 GeV.'® The mea-
sured ete™ — hemT 7~ cross-sections are shown in Fig. 1(a), where the error bars
are statistical uncertainties only. The systematic error (9%) is common for all data
points. From the cross-section distribution, there is a very interesting structure at
around 4.22 GeV/c?.

The BESIII experiment also recently reported the cross-section measurements
of eTe™ — yeow at 9 CM energies from 4.21 to 4.42 GeV. Figure 1(b) shows the
measured Born cross-sections, where the uncertainties are statistical only.'* The
systematic errors, ranging from 6.7% to 16.1% depending on CM energy, are not
included since they are small compared to the statistical errors.

BESIII found that the distribution had a structure around 4.22 GeV/c? and
was inconsistent with the line shape of the Y (4260) observed in ete™ — ntn~J/4.
Assuming the observed x.ow structure comes from a single resonance, the measured
mass and width are (42304+846) MeV/c? and (38 £12+2) MeV, respectively, and
the statistical significance is more than 90.'% After the ete™ — y.ow cross-section
results were published, a few theoretical models were proposed to interpret the
newly observed structure at 4.23 GeV/c?: a tetraquark state;'® the missing higher
charmonium state 1/(45);'% and the known charmonium-like resonance t(4160)
with the mass of about 4190 MeV /c?.17

Since the resonance parameters including peak position and width of the two
channels h.7T7~ and y.ow are very similar, in this paper we do a combined fit
to the BESIII eTe™ — hentm™ and yeow cross-section distributions assuming the
observed two peaks at about 4.22 GeV are from the same resonance, named Y (4220)
hereafter.

We fit the cross-sections with two different models (I and II in the following):
the coherent sum of two amplitudes, a constant and a constant width relativistic
Breit-Wigner (BW) function (model I); and the coherent sum of two constant
width relativistic BW functions for h.mrT7~ and the coherent sum of a constant
and a constant width relativistic BW function for xqw (model II). Since the
interference is included in the fits, multi-solution problem will be discussed in
Sec. 2. A brief discussion of available fit results is given in Sec. 3. In addition,
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our fit results will be shown in detail. Finally, a discussion and summary are given
in Sec. 4.

2. Multiple Solution Problem

Interference is a natural and common phenomenon in the world. In classical physics,
if two waves meet, what we see is the sum of the two amplitudes. In quantum
mechanics, what we observe is the total amplitude, too. When it comes to inter-
ference, the final results may come from two possibilities: constructive interference
or destructive interference.

Taking two BWs with interference as an example in the fit, we face the multi-
solution problem with two prominent characteristics: (1) all sets of solutions have
equal goodness-of-fit; (2) the masses and the total widths are the same, but the
partial widths and the relative phase between the amplitudes are different. There-
fore with the interference included in the fitting process, we need to make sure
that all multiple solutions are found although sometimes some solutions are very
close or exactly the same. Experimental results may not be complete or even be
biased if only one solution is reported while there are twofold amplitudes. If one
solution has already been found by fitting, the other solution can even be derived
via mathematical calculation.!® It allows us to do a cross-check to make sure no
solution is missed.

3. Our Fit Results

In order to obtain the Y (4220) resonance parameters, we do a combined fit to the
hentm™ and yeow cross section distributions using a least squares method with
MINUIT in the CERN Program Library.'® We will fit the data with two different
scenarios.

For model I, we fit both the h 7 7~ and y.ow cross sections with the coher-
ent sum of a BW and a pure phase-space background. The mass and width of
the Y'(4220) are constrained to be the same in both channels. The fitting func-
tions are:

Beiér 2
Tt () = A+ s BW(m M.T)| Py, 1)
3
De'?2 ?
chow(m) = ‘C—f— TMBW(W—L,M,F) P;SQ(?’T'L)7 (2)
2

where M and I' are the mass and width of the Y (4220), m is the invariant mass
of the system, BW(m, M,T) = (m? — M? +iMT)™', B = /1278 _p+r-Lete-T,
D= \/127TBXCOer+e—F and PS,, is the n-body phase-space.

For model II, we fit the h.m "7~ cross-sections with the coherent sum of two
constant width relativistic BW functions; that is the background is parametrized
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Fig. 1. The results of the fit to eTe™ — herT7™ and xcow data from BESIII with the fitting
functions defined in model I. The curves show the projections from the best fit. The interference
between the two amplitudes is not shown. For h.m+ 7™, the two dashed curves show the two solu-
tions (see Table 1), one is for the destructive solution (Solution I), the other is for the constructive
solution (Solution II). For xcow, the differences between the two solutions are not visible.

by a broad BW. The fitting functions are:

By
Vem T - — BW 7]\4 ,F
hert o (m) = | e BW (. M)
Bgei¢1 2
+ 7BW2(WL,M2,F2) PS3(TTL), (3)
PS3(My)
Dei¢2 2
Oxeow (M) = ‘CJF mb(valarl) PSy(m). (4)

Figure 1 shows the fit results using the functions defined in model I, with a
goodness-of-the-fit of x?/ndf = 12.2/15, corresponding to a confidence level (C.L.)
of 66.4%. The two solutions for the x.ow corresponding to the same solution in
hentr™ are almost the same, so there are in total two groups of solutions with
equally good fit quality. The masses and the widths of the Y (4220) in the two
solutions are identical but the products of the branching fraction and partial width
to ete™ and relative phases are different, as shown in Table 1. The correlations
between the fit parameters are shown in Table 2. The resonance parameters of
the Y (4220) are M = (4218 = 7) MeV/c? and I’ = (48 4 10) MeV. The errors are
statistical from the fit only. As a validation and a cross-check, we take a solution, for
example “Solution I7, as input and calculate the other solution mathematically.'®
The other solution is the same as that of “Solution II” from the fit.

We also perform a combined fit with the functions defined in model II. The
result is shown in Fig. 2. There are two solutions, and the results for these two
solutions with a goodness-of-the-fit of x?/ndf = 5.1/13, corresponding to a C.L.
of 97.3%, are shown in Table 3. The correlations between the fit parameters are
shown in Table 4. The fitted values of the mass and width of the Y (4220) are
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Table 1. Fit results to the combined BESIII data on
ete™ — henmTn~ and yeow with the functions defined in
model I. The errors are only statistical from the fit. M, I" and
B; x Ty~ (i = hemtm™, xcow) are the mass (in MeV/c?),
total width (in MeV) and product of the branching fraction
to hemtm™ /xcow and the ete™ partial width (in eV/c?),
respectively. ¢ is the relative phase (in rad).

Solution I Solution IT
M (Y (4220)) 4218 +7
(Y (4220)) 48+ 10
By ptm— X Tt 6.9+ 1.4 0.540.2
1 4.940.2 0.74+0.4
Byoow X Dot 3.341.2 3.340.8
b2 0.14+3.1 0.14+1.9
x?/ndf 12.2/15

Table 2. The correlations between the fit parameters shown in Table 1 (with the units given
there). The numbers in parentheses are for the second solution.

F(Y(4220)) Bhu'rr*’w* X Fe+67 (;51 BXuOW X Fe+67 (;52
M (Y (4220)) —0.38 (—0.40) 0.40 (—0.85)  —0.85 (0.83) —0.34 (—0.57) —0.01 (—0.05)
(Y (4220)) 1.00 0.62 (0.55) 0.16 (—0.11)  0.65 (0.90) 0.16 (0.13)
By ntn— XTop.—  0.62(0.55) 1.00 —0.67 (—0.82)  0.33 (0.71) 0.13 (0.16)
1 0.16 (—0.11)  —0.67 (—0.82) 1.00 0.20 (—0.38)  0.01 (—0.10)
Byeow X Doy 0.65 (0.90) 0.33 (0.71) 0.20 (—0.38) 1.00 0.72 (0.37)
—~ 220F —~ 120
G) E . G E
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Fig. 2. The results of the combined fit to ete™ — henTn™ and xcow data with the fitting
functions defined in model II. The curves show the projections from the best fit. For hertn—,
the two dashed curves show the two solutions (see Table 3), one is for the destructive solution
(Solution I), and the other is for the constructive solution (Solution II). For xcow, the differences
between the two solutions are not visible.
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Table 3. Fit results to the BESIII ete™ — hentm

and xcow cross-section distributions with the functions
defined in model II. The errors are statistical from fit
only. Mj;, T'j and (B; X Ty —); (i = hem™m™, Xcow)
are the mass (in MeV/c?), total width (in MeV), and
product of the branching fraction to hemt 7~ /xcow and
the ete™ partial width (in eV/c?), respectively, where
j = 1 for the Y (4220) and j = 2 for the background

parametrization. ¢ is the relative phase (in rad).

Solution I Solution IT

M; (Y (4220)) 4233 +3

Iy (Y (4220)) 32412

Bhomtn X Tete 854 1.0 0.240.2
1 3.74+0.1 —0.6+0.5

Ma 4290 + 10

Ty 192 + 36
(Bh,mtm— X Tt em)2 25.1 4 2.2 13.7 4 2.0
Byoow X Tee 2.340.7 24405
bo —21421 —03+1.1

x?/ndf 5.1/13

Table 4.

The correlations between the fit parameters shown in Table 3 (with the units given
there). The numbers in parentheses are for the second solution.

P1(Y(4220))  (Bj, ptp- XTote— ), o1 Mo
M (Y (4220)) —0.12 (—0.65) 0.05 (—0.90) —0.25 (—0.55)  —0.34 (—0.59)
'y (Y (4220)) 1.00 0.96 (0.86) —0.26 (0.77) —0.01 (0.68)
(Bhortn—XTote= ), 0.96 (0.86) 1.00 —0.30 (0.79) —0.25 (0.80)
o1 —0.26 (0.77) —0.30 (0.79) 1.00 0.44 (0.94)
Mo —0.01 (0.68) —0.25 (0.80) 0.44 (0.94) 1.00
Ty 0.15 (—0.15) 0.08 (—0.54) —0.88 (—0.49) —0.07 (—0.60)
(Bhomtn—XTete—)y 0.88 (—0.61) 0.94 (—0.80) —0.52 (—0.87) —0.36 (—0.83)
Byowx Tee 0.71 (0.87) 0.75 (0.65) —0.31 (0.68) —0.13 (0.57)
1) (thw+w—><f‘e+e—)2 Byxoow X Tee 2
M, (Y (4220)) —0.03 (0.64) 0.12 (0.70) 0.40 (—0.40) —0.34 (0.54)
'y (Y (4220)) 0.15 (—0.15) 0.88 (—0.61) 0.71 (0.87) —0.28 (—0.37)
(Bhyrtn—XTPote— ), 0.08 (—0.54) 0.94 (—0.80) 0.75 (0.65) —0.32 (—0.52)
1 —0.88 (—0.49) —0.52 (—0.87) —0.31 (0.68) 0.17 (—0.38)
Mo —0.07 (—0.60) —0.36 (—0.83) —0.13 (0.57) 0.11 (—0.40)
Ty 1.00 0.32 (0.79) 0.10 (0.01) —0.04 (0.38)
(Bhomtn—XTete=)y 0.32 (0.79) 1.00 0.72 (—0.47)  —0.32 (0.44)
Byowx Tee 0.10 (0.01) 0.72 (—0.47) 1.00 —0.78 (—0.3)
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Fig. 3. The distribution of the measured ratios of I'(Y (4220) — xcow)/T(Y (4220) — hentm™)
together with the theoretical predictions with the assumption that the Y (4220) is a tetraquark
state. The error bars are the total errors of the statistical and systematic uncertainties added in
quadrature.

M = (4233 4+ 3) MeV/c? and T' = (32 4 12) MeV, where the errors are statistical
only. They are consistent with the above results within 20.

By comparing the BW amplitudes in the h.m"7~ and y.ow channels from the
Y (4220) decays, we obtain ratios T'(Y(4220) — xcow)/T'(Y(4220) — hentn™)?
which are 0.48 + 0.15 £ 0.03 for destructive solution and 7.3 + 3.9 + 0.7 for the
construction solution in model I; 0.28 + 0.07 £ 0.02 for destructive solution and
11 + 6.2 4 2.0 for the construction solution in model II. Here, the first uncertainty
is only the statistical error from fit and the second one is the sum of the sys-
tematic errors in the her 7™ 13 and yeow 4 cross-section measurements added in
quadrature. Figure 3 shows the distribution of the measured ratios of I'(Y(4220) —
Xeow)/T(Y (4220) — h.mtn™) together with the theoretical predictions assuming
the Y (4220) is a tetraquark state and the decay Y (4220) — h.m "7~ is dominated
by the intermediate processes Z.(4020)F7¥ or Z.(4020)*7T plus h.o.'5

4. Discussion and Summary

In this paper, we do combined fits to the ete™ — h.nt7~ and y.ow cross-sections
measured by BESIII with two different scenarios assuming the observed struc-
tures at about 4.22 GeV/c? are from the same Y (4220) resonance decays. In
these two different scenarios, two amplitudes with interference are used. In the
fits to h.mT7~, two different solutions corresponding to constructive and destruc-
tive interferences, respectively, are found, while for the x.ow, the two solutions are
almost the same. The mass, width and product branching fraction to h.m 7™ /xcow

2The ratio is obtained from the fit as a free parameter instead of the calculation using the values
of By ,ow X et o— and By, 4, — X T'o4 - directly to make the correlation error between the two
channels considered automatically and correctly. As a cross check, the central value of the ratio
from the fit as a free parameter is the same as the ratio of By qw X T'p4 .~ and B, 4 - XTqo—.
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and the eTe™ partial width are determined for the Y (4220) in each fit. All the
fit results are summarized in Tables 1 and 3. In addition, the measured ratios
(Y (4220) — xeow)/T(Y (4220) — hentn~) corresponding to constructive and
destructive interferences are obtained. The ratios from constructive fits are consis-
tent with the theoretical predictions under the assumption of the Y (4220) being
a tetraquark state within 20, while the ones from destructive fits are not. So we
cannot conclude that the Y(4220) must be a tetraquark state since we do not know
which solution is the real physical one.

The possible structure in the ete™ — h.rt7~ cross-section distribution was
noted by the authors in Refs. 15 and 20. The author in Ref. 20 did fits to the
ete”™ — h.mTm~ cross-sections since no measurements were available for y.ow
at that time. Although the authors in Ref. 15 did combined fits to the ete™ —
hemTn™ and yeow cross-sections with the same two fitting scenarios as described
in this text, only constructive solutions were found. Based on the ratio from the
constructive solutions, they concluded that the structures seen in h.m 7~ and yeow
can be explained within the diquark-antidiquark model. With only one solution,
the conclusion is questionable.

Here, we also would like to point out more measurements from the BESIII
experiment at CM energies above 4.42 GeV and more precise data at around the
Y (4220) peak are crucial to make sure the structure is a real resonance. Especially
for h.rtm~, more measurements at masses higher than 4.5 GeV are needed to
discriminate experimentally between the two models. Considering the maximum
energy point that BESIII experiment can reach is 4.6 GeV, the Bellell experiment
is more promising in the future, where the processes ete™ — h.mT7m~ and yeow
can be investigated via initial state radiation with large data sample.
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Note Added

After we submitted this paper, we became aware of the revised version of Ref. 15,
where the authors found the two solutions based on our reminder.
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